Solution Sheet 1

1. % i) Answer: 2" — 2.

If a function is not surjective it maps to only one of the points in B.
There are two possibilities, so only two of the possible 2™ functions
from A to B are not surjective.

(ii) Answer: 3™ — 3 x 2™ + 3.

If B = {by,b9,b3} then a function from A to B is not surjective only
if it is one of the following. It either maps onto {by, by}, onto {by, b3},
onto {by, b3}, onto {b1}, onto {by} or onto {b3}. By part (i) there are
3 X (2™ — 2) 4+ 3 x 1 such maps out of a possible 3" maps.
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3. Define
f:P(A) = Por(A): D— D VD C A.

The function f is its own inverse and is thus a bijection. Hence

Pl =P @l e ()= (")),

4. Ul_y Pr (A) is the collection of all subsets of A, i.e. P (A).

It is a disjoint union so the cardinality of the union is the sum of the
cardinalities. We know that [P (A)| = 2™ hence
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by definition of the binomial symbols.

5. The Binomial Theorem states that for all x,y € R, we have

(x4+y)" = Zn: (Z) "y
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Choose © = —1 and y = 1 to get

as required.

Add Y7 (") =27, from Question 4, and Y. (—=1)" (7) = 0 to get
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Subtract to get
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= 10242° — 3840zy + 57602%y? — 43202%y> + 16202y* — 2431°
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Z4’“< ) = (1+4)"=25% sox=25.
T

ii)

/3

Z:sr(r) =(143°=4"=8 soz=38

9. The coefficient of 299y in (22 + 3y)*" is

200 2993101
99 .

10. % Proof by induction that n® — n is divisible by 5 for all n > 1.

(i) If n = 1 then n® — n = 0 which is divisible by any integer, and in
particular by 5.

(i) Assume the result true for n = k, so 5 divides k> — k. Thus
k> — k = 5¢ for some ( € Z.

Consider the n = k + 1 case. By the Binomial Theorem we have
(k+1)° = (k+1) = (K +5k*+ 105° + 10k* + 5k + 1) — (k + 1)
= (K> — k) +5 (k" + 2k + 2k* + k)
= 5(0+k"+2K° + 2> + k)
because of the inductive hypothesis. Hence the right hand side is divis-

ible by 5 as must, therefore, be the left hand side, i.e. the result holds
forn =k + 1.

Therefore by induction n® — n is divisible by 5 for all n > 1.



